We investigate the collective excitations in spin-one color superconductors. We classify the Nambu-Goldstone modes by the pattern of spontaneous symmetry breaking, and then use the Ginzburg-Landau theory to derive their dispersion relations. These soft modes play an important role for the low-energy dynamics of the system such as the transport phenomena and hence are relevant for late-stage evolution of neutron stars. In the case of the color-spin-locking phase, we use a functional technique to obtain the low-energy effective action for the physical Nambu-Goldstone bosons that survive after gauging the color symmetry.
Introduction
In the phase diagram of quantum chromodynamics (QCD), cold quark matter is expected to deconfine at high density and be in a color superconducting state (see [1] [2] [3] [4] for recent reviews). Understanding the properties of matter under such extreme conditions is, apart from being an integral part of the quest for the fundamental laws of nature, relevant for the astrophysics of compact stellar objects. The density in their cores is presumably high enough to form deconfined quark matter.
Since the energy scale for strong interaction in astrophysical processes mentioned above is of order 100 MeV, one can safely neglect the heavy quark flavors and only consider the three lightest ones, up (u), down (d), and strange (s). At densities so high that the masses of all light quarks can be neglected, the ground state of three-flavor quark matter is known to be the color-flavor-locking (CFL) state. However, as the chemical potential drops to the range interesting for astrophysical applications, the strange quark mass is not negligible and starts to play an important role. It reduces the Fermi sea of s quarks, leading to an excess electric charge which must in turn be compensated by an imbalance between the u and d quarks. As a consequence, the highly symmetric CFL state feels stress and can give way to other pairing patterns [5] .
If the stress on the CFL pairing induced by the strange quark mass is too high only the u and d quarks pair, which is usually denoted as the 2SC phase. However, as explained above, the energy gain from the 2SC pairing is reduced by the requirement of electric charge neutrality. It may then happen that the mismatch between the Fermi levels is so large that pairing between quarks of different flavors is completely ruled out. In such a case, one is still left with the possibility of pairing quarks of the same flavor. Nevertheless, since the QCD-induced effective quarkquark interaction is attractive in the color-antisymmetric channel, this requires the wave function of the Cooper pair to be symmetric in Lorentz indices by the Pauli principle, i.e. to carry nonzero spin. While spin one is the simplest possibility, the ground state will in general be a mixture of all partial waves with an odd spin [6] .
There are several situations in which spin-one pairing may occur. Apart from the pairing of quarks of a single flavor considered originally in Refs. [7] [8] [9] [10] , there is another possibility of pairing of quarks of the same color [11] .
Before we conclude the section we remark that the calculation of the dispersion relations is complicated by the fact that spacetime symmetry is spontaneously broken. However, the basic anticipated features of the NG spectrum are preserved. In both phases three generators are spontaneously broken. In the polar phase, they give rise to three type-I NG bosons with linear dispersion relation at low momentum. In the A-phase, the ground state carries nonzero spin density, therefore the three broken generators produce one type-I NG boson with linear dispersion and one type-II NG boson with quadratic dispersion at low momentum.
Finally, at the transition point between the two phases d 2 = 0, the static part of the Lagrangian has an extended SO(6) symmetry under which the polar and A-phase order parameters are degenerate. Five of its generators are broken, leaving an SO(5) invariant subgroup. This extended symmetry is also reflected in the NG spectrum. For instance, in the polar phase the phase velocities of two of the NG bosons go to zero so that their dispersions are quadratic. This is in accordance with the general Nielsen-Chadha counting rule [33] . However, note that this extended symmetry is explicitly broken by the c 1 and a 2 terms in the Lagrangian (1) . The extra NG bosons are therefore only present in the classical theory, they will acquire nonzero masses via radiative corrections [38] .
Single-flavor spin-one color superconductor
In this section we will study the spin-one color superconductor that involves pairing of quarks of three colors but a single flavor. The diquark condensate or the order parameter ∆ is then a color antitriplet and spin triplet, so it is a 3 × 3 complex matrix and transforms as
where Then ∆ can be parameterized by the remaining 6 real parameters which characterize different vacuum states [14] , 
Ginzburg-Landau free energy and ground states
The GL analysis is similar to that for superfluid Helium 3 [39] . Up to fourth order in ∆ and two derivatives, the most general U(3) L × SO(3) R and parity invariant Ginzburg-Landau free energy density functional can be written as
The time-dependent GL functional, or Lagrangian, is then in general written as 
( f is a function of d 2 and d 3 that is specific to a particular phase) and the vacuum energy is E vac = −b 2 /(4d). The boundedness of the potential from below demands thatd > 0, which constrains the possible values of d 1 for a given phase. The symmetry of the problem allows for altogether 8 inequivalent states with different patterns of spontaneous breaking of the continuous symmetry. However, only the following four of them occupy a part of the phase diagram [14] ,
where
. The pattern of spontaneous symmetry breaking determines the low-energy spectrum of the system, i.e., the NG bosons. While some of the NG bosons are associated with the generators of the color SU(3) c group and are thus eventually absorbed in gluons via the Higgs-Anderson mechanism, those stemming from spontaneous breaking of baryon number or rotation symmetry remain in the spectrum as physical soft modes. As we will now see, some of the phases exhibit the unusual type-II NG bosons, in accordance with general properties of spontaneously broken symmetries in quantum many-body systems [33, 34] . We did not solve the fully coupled equations of motion for the fields depending simultaneously on all coordinates, so the dispersion relations shown in the following should be understood as combinations of separate formulas for the "longitudinal" and "transverse" excitations. 3 , the ground state is the CSL phase whose order parameter is given in Eq. (19) .
CSL phase
3 . In the CSL phase the spin and color are coupled in the pairing, so the symmetry breaking pattern is U(3) L × SO(3) R → SO(3) V . The generators of the unbroken symmetry SO(3) V are
. There are 9 broken generators leading to 9 NG bosons as follows,
•
The details of the above modes are given in Appendix B.1. After gauging the color symmetry, the type-I NG 5-plet is absorbed by gluons, and we are left with the singlet as the only physical NG boson, stemming from the spontaneous breaking of the U(1) B symmetry.
Polar phase
When d 3 < 0 and d 2 + d 3 < 0, the ground state is the polar phase whose order parameter is shown in Eq. (19) , and
The unbroken symmetry is generated by λ 1,2,3 ⊗ ½, P 12 ⊗ ½ and ½ ⊗ J 3 , where
is the projector onto the first two colors. The diquark spin is polarized to one direction. There are 7 broken generators which, however, give rise only to 5 NG bosons, organized in the following multiplets,
is the projector onto the third color. Type-I NG singlet,
. The presence of type-II NG bosons is due to nonzero color density of the polar ground state. The details of the above modes are given in Appendix B.2. After gauging the color symmetry, the type-I NG singlet and the type-II NG doublet are absorbed by gluons, only the type-I NG doublet survives, corresponding to two linearly polarized spin waves.
A-phase
When d 3 > 0 and d 2 < 0, the ground state is the A-phase whose order parameter is shown in Eq. (19), and
. Unlike in the polar phase, the diquark spin is now circularly polarized. Among 7 broken generators, there is only one giving rise to a type-I NG mode,
The rest 6 generators produce only 3 type-II NG bosons due to non-zero color and spin density of the A-phase vacuum,
See Appendix B.3 for details on the above modes. After gauging the color symmetry, the type-I NG singlet and the type-II NG doublet are absorbed by gluons and leave the type-II NG singlet giving a circular spin wave.
ε-phase
When d 3 > d 2 > 0, the ground state is the ε phase, see Eq. (19) for its order parameter; in this cased
The spin of the second diquark color is longitudinally polarized, while that of third color is circularly polarized. Like in the A-phase, the circularly polarized spin produces an SO(2) V unbroken symmetry. The unbroken symmetry is generated by √
, where P 1 = diag(1, 0, 0) is the projector onto the first color. Out of the 10 broken generators only two correspond to type-I NG modes:
• √ 2P 2 ⊗ ½, where P 2 = diag(0, 1, 0) is the projector onto the second color. Type-I NG singlet, E
The remaining 8 generators give rise to 4 type-II NG modes due to non-zero color and spin density of the ε vacuum,
See Appendix B.4 for details on the above modes. After gauging the color symmetry, only the last type-II NG singlet survives, corresponding to a circularly polarized spin wave.
Low energy effective field theory for the CSL phase
The CSL phase plays in many respects a distinguished role among all spin-one phases investigated in the preceding section. First, it is the ground state of one-flavor quark matter in the limit of very high chemical potential. Second, it is isotropic and involves democratically all quark colors. Consequently, under some additional assumptions on the spin-orbital structure of the order parameter, all quarks are gapped and the low-energy spectrum is solely determined by the NG bosons of the spontaneously broken symmetry. Moreover, the rotational symmetry is unbroken whereas the NG bosons associated with the color symmetry are absorbed into gluons once this is gauged. Therefore the lowenergy physics of the CSL phase will be governed by the NG bosons of the global Abelian symmetry. In this section, we will employ a technique of Son [36] , which was previously used to study the transport properties of the CFL phase [40] .
Global symmetry and NG bosons
Based on the argument in the previous paragraph, one would naively conclude that in the one-flavor CSL phase, there is exactly one physical NG boson, stemming from the spontaneous breaking of the global U(1) symmetry. However, this is only true provided the quarks do not carry any other gauge degrees of freedom apart from the color ones. This is certainly a very rough approximation considering that the spin-one phases are only likely to occur in the phase diagram in the region where strange quark mass is large and electric charge neutrality effects play an important role.
As already discussed in the Introduction, there are two realistic scenarios for spin-one pairing to occur in threeflavor quark matter [1] . (i) The u and d quarks are paired in the 2SC phase and only the s quarks are left and undergo the single-flavor spin-one pairing. (ii) Cross-flavor pairing is completely prohibited by large Fermi level mismatch and all three quark flavors undergo single-flavor pairing. While in the case (ii) the most favored pairing pattern will be CSL, in the case (i) it may not be so. The reason is that the 2SC phase is not color neutral; to compensate for its color charge, a color chemical potential must be introduced. This in turn breaks the exact color symmetry of the s quark sector. In addition, the mismatch between different colors may favor other pairing patterns such as the polar one [12] .
For these reasons, we will only consider the scenario (ii) which is theoretically clean; each flavor feels an exact color SU(3) symmetry and features the same symmetry breaking pattern. The question then is: how many NG bosons are there? As mentioned above, the NG bosons of the spontaneously broken color symmetry will be absorbed into gluons. In addition, there is a global Abelian symmetry, G = U(1) u × U(1) d × U(1) s , corresponding simply to separate conservation of the flavor quark numbers. This will give rise to three NG bosons. However, a subgroup of G, given by the electromagnetic U(1) Q , is gauged and the associated NG boson will be eaten by the photon, making it massive and thus giving rise to the Meissner effect. Therefore, there will be only two physical NG bosons left.
One should note that in special limits, the flavor symmetry can be actually larger than G. For example, assuming that the quark masses satisfy 0 m u = m d m s , the flavor symmetry will beG = SU(2) V × U(1) u+d × U(1) s . However, the non-Abelian SU(2) V group will be explicitly broken down to U(1) I 3 , generated by the third component of isospin, by the electric charge chemical potential necessary to maintain electric charge neutrality. The remaining exact symmetry group is isomorphic to G. The very fact that u and d quarks are actually light does not play a role since the pions will presumably still be heavier than the CSL gap so that they will not enter the low-energy effective field theory whose validity is limited by the scale of the gap.
General method to construct the effective Lagrangian
A general method to construct the low-energy effective action for the NG boson of a spontaneously broken U(1) symmetry at zero temperature was proposed by Son based on a functional technique [36] . Starting with the equation of state, P(µ), the effective action for the NG field ϕ to the lowest order in derivatives reads
Several remarks are in order here. First, this is a fully quantum effective action, that is, it should be used strictly at tree level. All loop effects are included in the couplings of the action. Second, after expansion in powers of ϕ, the action contains only terms with the same number of derivatives as is the power of ϕ. This is the leading-order term in the derivative expansion for a given power of ϕ. Third, the derivation relies heavily on the fact that µ is the only source of Lorentz violation in the theory, since then the full dependence on the NG field can be reconstructed from the dependence of the pressure on the chemical potential using the fact that the NG field and the chemical potential only appear in the effective action in the combination ∂ ν ϕ − δ ν0 µ.
Once we know the equation of state, we plug it into Eq. (20) and expand in powers of ϕ to obtain both the dispersion relation of the NG boson and its self-interactions. In extremely dense quark matter one can, thanks to asymptotic freedom, take as a reasonable starting point the equation of state for a free massless Fermi gas P 0 (µ) = N c µ 4 /(12π 2 ), for a single quark flavor [36, 40] . The effect of pairing on the equation of state can be neglected since the CSL gap is numerically very small. However, one may be interested in corrections due to nonzero quark mass since it is exactly the strange quark mass that opens the way to the spin-one phases in the phase diagram. To that end, one needs to know the equation of state of a massive Fermi gas,
where k F = µ 2 − m 2 is the Fermi momentum. Substituting this equation of state in the general formula (20) , one obtains the effective Lagrangian
The bilinear terms in the Lagrangian imply that the NG boson phase velocity equals
This can be shown to coincide, to the order displayed, with the hydrodynamic speed of sound in a free gas.
Effective Lagrangian for neutral quark matter
Let us now consider the case of several U(1) symmetries with different chemical potentials. Thus, the spontaneously broken symmetry group G = U(1) 1 × U(1) 2 × · · · is associated with the NG fields ϕ 1 , ϕ 2 , . . . , chemical potentials µ 1 , µ 2 , . . . , and the equation of state P(µ 1 , µ 2 , . . . ). Unfortunately, one can easily see that Son's trick does not work in this case. The reason is that with more fields there are more independent ways to construct a Lorentz-invariant Lagrangian density that reduces to the same function of chemical potentials for uniform fields. As an example, just observe that
Fortunately, there is a special case where Son's method can still be used. Once the equation of state separates to
the dependence of the effective action on the NG fields ϕ k can again be fully reconstructed using Lorentz invariance. This generalization of the method may seem somewhat trivial, since the equation of state (24) corresponds to separate and noninteracting subsystems. However, they can become entangled by a coupling to an additional field, as we will see later.
Let us address the specific question: what happens when a part of the symmetry group is gauged? For simplicity we will assume that there is only one gauge field that couples to a linear combination of generators of U(1) k , that is, to a subgroup of G. This is determined by the charges q k of the fields ϕ k . In the effective Lagrangian we thus have to replace the combinations ∂ ν ϕ k − δ ν0 µ k with D ν ϕ k − δ ν0 µ k , where D µ ϕ k = ∂ µ ϕ k − eq k A µ and e is the gauge coupling. To obtain the effective Lagrangian from the equation of state, one in turn has to replace everywhere µ
Note that the effective Lagrangian also contains a term A 0 J 0 : a coupling of the gauge field to an external background charge density which ensures that the system as a whole remains neutral despite the chemical potentials µ k [41, 42] . This is equivalently expressed by the fact that A 0 = 0.
We will now consider a system where the underlying equation of state is well approximated by a noninteracting Fermi gas. This is the case of color superconductors at high baryon density since the pairing effects are exponentially suppressed and the normal Fermi liquid contribution dominates the pressure. In accordance with Eq. (22), the effective Lagrangian with the leading finite-mass correction then reads L eff = N c (L 0 + L 1 )+L g , where (upon omitting terms of zeroth and first order in the fields)
So far we have not fixed the gauge for A µ . Note that the covariant derivative ∂ µ ϕ k − eq k A µ is invariant under the gauge transformation, ϕ
where α is a gauge parameter. We can change variables ϕ k to θ k by ϕ k = R kℓ θ ℓ , where R kℓ is a real square matrix such that R k1 ∼ q k up to a common factor (the detailed form of this matrix will be specified later). The gauge transformation reads Rθ ′ = Rθ + eαq or θ ′ = θ + eαR −1 q where R, R −1 are matrices and θ ′ , θ, q vectors. We can fix the gauge by choosing the gauge parameter α = −
We see that by fixing the gauge we can remove the field θ 1 , or we can set θ 1 = 0. All other modes θ 2 , θ 3 , . . . remain in the theory as physical fields. The resulting Lagrangian will be rather complicated, let us therefore look explicitly at least at the bilinear part of L 0 + L 1 ,
Expanding the square of the covariant derivative one obtains (no summation over k or µ is implied)
We can see that the gauge boson acquires a mass term, as expected. Whether this affects the low-energy dynamics of the system is a matter of scales. In order to have a clear physical interpretation of the excitation spectrum, it would be better to get rid of the mixing term A µ ∂ µ θ ℓ . One could find the dispersion relations even with such mixing, but most likely just numerically [42] . Another, practical aspect is that once we decide to integrate out the massive gauge boson to obtain an effective Lagrangian for the NG bosons only, in the absence of the mixing this can be done perturbatively and will merely result in a modification of the NG boson interactions. On the other hand, the mixing with the gauge boson would necessarily induce corrections to the NG boson dispersion relations. Unfortunately it seems that in the most general case of Eq. (26), the mixing term cannot be removed by a judicious choice of R kℓ simultaneously in the temporal and spatial parts of L bilin . However, there are special cases in which the Lagrangian can be further simplified.
(i) Zero masses. In this case, the NG-gauge boson mixing can be removed by choosing R kℓ so that k µ 2 k q k R kℓ = 0 for all ℓ = 2, 3, . . . . This means that the second and other columns of R kℓ should be set orthogonal to the vector µ 2 k q k , that is, not to the linear combination that defines θ 1 . It is more convenient to defineR kℓ = µ k R kℓ since the above condition then demands that the ℓ = 2, 3, . . . columns ofR kℓ be orthogonal to the first one. We can then choose the whole matrixR kℓ to be orthogonal, upon which the bilinear Lagrangian (26) becomes
The interaction terms are obtained upon expressing ϕ k in terms of θ ℓ in Eq. (25) .
(ii) Equal masses and chemical potentials. In this (rather unphysical) case the mixing term is removed by setting k q k R kℓ = 0 for all ℓ = 2, 3, . . . . We can thus choose directly the matrix R kℓ as orthogonal and the resulting bilinear Lagrangian reads
where the phase velocity v is given by Eq. (23) . All the general formulas above are easily applied to the case of interest, that is, three-flavor quark matter with the electric charge neutrality constraint. Then the gauged subgroup is U(1) Q , generated by the electric charge operator, Q = (2/3, −1/3, −1/3). While the u and d quark masses can certainly be neglected, the strange quark mass must be taken into account, at least for the very reason that without this mass, no mismatch between the Fermi momenta of different quark flavors would arise and the ground state would be the CFL phase.
Conclusions
We analyzed the low-energy physics of spin-one color superconductors in terms of their soft, NG excitations. We used the Ginzburg-Landau theory to derive the excitation spectrum. As a warm-up exercise we first analyzed pairing of quarks of two flavors and a single color, which may play a role in phenomenology as a complement to the 2SC pairing. Already this simple example exhibits a phase with an unusual number of NG bosons. In particular, one of the NG bosons in the A-phase is of type-II, i.e., has a quadratic dispersion relation at low momentum, very much like the spin waves in ferromagnets. Also, thanks to the fact that a spacetime (rotational) symmetry is spontaneously broken we observed that the classification of NG modes into multiplets of unbroken symmetry holds strictly only in the long-wavelength limit. Any nonzero momentum of the soft mode further breaks the symmetry and lifts the degeneracy based on the symmetry of the ground state itself.
The main body of the paper is comprised of an investigation of a single-flavor three-color superconductor. This is the most likely candidate phase for the ground state of dense quark matter in case that strange-quark mass and electric charge neutrality effects disfavor pairing of quarks of different flavors. We have thus completed the analysis of the phase diagram started in Ref. [14] and the classification of the soft modes, sketched in our previous paper [35] . The four phases that appear in the phase diagram possess a plethora of different NG modes of the spontaneously broken color, baryon number and rotational symmetry. Those stemming from the color symmetry will eventually be absorbed into gluons, making them massive by the Anderson-Higgs mechanism. The other NG bosons will remain in the spectrum as physical soft modes.
Unlike in all the other phases, in the isotropic CSL phase all quarks can be gapped so that the NG bosons are the only truly gapless states in the spectrum. This has far-reaching consequences for the low-energy dynamics of the CSL phase such as its transport properties. We laid the foundation for a later economical calculation of the transport coefficients of the CSL phase such as the shear viscosity by deriving the low-energy effective field theory for its physical NG bosons. We used a functional technique [36] applied to the CFL phase before [40] and adapted it for the present case by introducing several independent chemical potentials and gauging a subgroup of the symmetry group, corresponding to the electric charge. The actual calculation goes beyond the scope of this paper and will be a subject of our future work.
where the summations over a and i are in the ranges a = 1, 3, 4, 6, 8 and i = 1, 2, 3. The matrix field H can be parameterized by where ⊥ refers to the orientation of the condensate in the spin space very much like in Sec. 2. The NG mode ν and the massive mode ρ are coupled and give the following spectrum, 
